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RESEARCH MEMORANDUM

THEORETICAL STUDY OF THE TUNNEL-BOUNDARY LIFT
INTERFERENCE DUE TO SLOTTED WALLS IN THE
PRESENCE OF THE TRAILING-VORTEX
SYSTEM OF A LIFTING MODEL

By Clarence W. Matthews
SUMMARY

The equations presented in this paper give the interference on the
trailing-vortex system of a uniformly loaded finite-span wing in a
circular tunnel containing partly open and partly closed walls, with
special reference to symmetrical arrangements of the open and closed
portions. Methods are glven for extending the equations to include
tunnel shapes other than circular. The rectangular tunnel is used to
demonstrate these methods. The equations are also extended to non-
uniformly loaded wings.

An analysis of the equations for certain configurations has shown
that: (1) only a small percentage of slot opening is required to give
zero interference conditions if the tunnel contains four or more slots;
(2) in the configurations studied, the ratio between the slotted-tunnel
interference and the closed-tunnel interference at the center of the
tunnel is approximately constant for various model spans; and (3) tunnels
containing an odd number of slots or nonsymmetrical slot arrangements
cause an additional rolling moment or a cross flow on the wings, or both.

INTRODUCTION

In a study of solid-blockage interference (see ref. 1), it has been
shown that tunnels containing mixed boundaries, that is, partly open and
partly closed walls, will eliminate or greatly reduce such interference.
Such tunnels have been shown to be very useful test equipment (ref. 2).
Since the slotted tunnel configuration required to eliminate sotid
blockage may not eliminate 1ift interference, it is necessary to study
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Since the slotted tunnel configuration required to eliminate solid
blockage may not eliminate 1ift interference, it is necessary to study
the interference on the trailing vortices of a 1ifting model in order

to make the necessary corrections to the 1ift characteristics of a model.

The problem of one or two slots has been treated by various authors
(see refs. 3 to 6). The case of more than two slots has also been treated
in references 7 and 8, Reference 7 treats only small wings in circular
tunnels, and reference 8 treats only the case for large numbers of evenly
spaced slots.

The purpose of this report is to present equations which express
the tunnel-wall interference due to mixed open and closed boundaries in
the presence of the trailing-vortex system of a finite-span 1ifting model
at subsonic velocities, Special attention is given to test sections in
which the slots are symmetrically located with respect to both axes.

Various extensions of the theory have been made, following in a
general fashion the methods of reference 7. These extensions include
the effects of wing span, slot configurations, interference at points
near the center, nonuniform loading, and methods for calculating the
interference in tunnels of other than circular cross section.

Numerical calculations of the interference characteristics of several
symmetrical cases are presented and are used to shos the properties of
the interference of circular tunnels containing 1, 2, 4, 8, and 12 slots
symmetrically located with respect to the x- and y-axes, and a square
tunnel containing & slots symmetrically located in the top and bottom
walls.

SYMBOLS

An,Bn
an,bn constants
any Bp
b half-span of wing
C tunnel cross-sectional area
C1, 1ift coefficient of model
=D

1
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Cp
ACp

R.P.

IQPI

drag of model

drag increment due to interference

tangential line element

multiple-product index

quality factor, the ratio at any given point of the inter-
ference of a slotted tunnel to the interference of a
closed tunnel with the same cross section

half-span length of wing in {-plane

number of slots in tunnel

Mach number

sumation indices

special number defined in equation (2)

radial distance of point from coordinate center

real part of camplex function

imaginary part of complex function

model or wing area

x-component of velocity

y-component of velocity

veloclity vector

coordinates of rectangular system (fig. 1)

camplex variable, x + iy

complex velocity, u - 1iv

circulation about a point, positive 1n counterclockwise
direction

function of 6, and b defined in equation (32)
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8S
3 proportionality factor (eI = _CCL) (see ref. 9)
€1 interference correction angle to be added to measured

angle of attack

o strength of a source

€ complex variable in transformed plane

6 angular coordinate of polar system (fig. 1)

d complex function of z (z = eiﬁ)

A para?etig)defined in equation (105) (also see par. 14.8,
ref.

perturbation potential

derivative of potential in direction normal to a given line

Ny

THEORY OF LIFT-VORTEX INTERFERENCE IN SLOTTED TUNNELS

General Analysis

Theoretical boundary conditions of flow about trailing vortices in
s tunnel containing mixed open and closed portions.- The equations for
the interference on the 1lift of a model due to mixed open and closed
tunnel walls in the presence of a trailing-vortex system may be obtained
by considering the same two-dimensional approximation of the flow field
that is used in reference 9. The conditions of this two-dimensional
approximation may be briefly stated as: (1) the tunnel and its boundaries
extend from a point an infinite distance upstream of the model to a point
an infinite distance downstream of the model; (2) the velocities induced
by the trailing vortices in the cross-sectional plane located at the model
are one-half of those induced in a far-downstream cross-sectional plane;
(3) the induced-velocity flow field in the far-downstream section may be
treated with two-dimensional methods; (4) the boundary condition which
mist be satisfied at a solid portion of a tunnel wall is that the flow
must be tangential to it, or

% .0 (1)
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(5) the condition which must be satisfied at an open portion of a tunnel
wall is that the potential over that portion must be constant or the flow
must be normal to it; (6) no singularities other than the trailing vortices
can exist within the boundaries of the tunnel; and (7) the constant
potential in every slot must be equal to that in every other slot. The
final condition is required because the pressure is the same at every
slot and may be shown by the following considerations. Since the pres-
sure is constant over the entire region outside the tunnel there will

be no pressure differences between the slots at a point far upstream,

and hence there can be no flow between the slots due to external influ-
ences. Also, since this point 1s too far from the model to be influ-
enced by it, there can be no flow due to the model. As there is no flow
between the slots, no potential gradient can exist between the slots;
therefore, the potentials in all the slots must be the same. It there-
fore follows by condition (5) that in the far-downstream position, the
constant potential in every slot 1s equal to that in every other slot.

Velocity fields in circular slotted tunnels.- The previously stated
boundary conditions may be satisfied by using complex velocity functions
rather than complex potential functions. This is done by selecting a
complex velocity function that has singularities at the wing tips and
has a flow direction either normal or tangential to the tunnel walls.

If this function is multiplied by another complex function whose value
on the tunnel wall changes from all real to all imaginary, or the
opposite, at each slot edge, then the flow will be rotated 90° at those
points so that the final flow of the product of the two functions will
be normal to the wall on selected portions and will be tangential to

the wall on the remaining portions. It may, however, be expected that
the second function will introduce singularities within the tunnel which
are not permitted according to the stated boundary conditions, so that a
third function which contains all the forbidden singularities must be
used in such a fashion that 1t will cancel the forbidden singularities
of the second function.

In order to make up the first function, suppose that the two singu-
larities at the wing tips with their reciprocal singularities are written

as l/(z2 - bz)(l - zzbz), where 2z 1s the complex variable x + 1y

and b 1is the semispan of the 1lifting wing. If this function is examined
by letting z = elf, where 6 1s a polar angle (fig. 1), it will be found
that the flow may be made normal to the walls if the factor =z 1s
included in the numerator. This flow may also be made tangential to the
wall by multiplying by the factor 1. Thus, the first function may be
vritten

iz
(22 - v2)(1 - 2242) ®)
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The symbol p may be chosen to be either 1 or 1, depending on whether
normal or tangential flow is required at the walls.

The second function may be developed by considering the square root
of a function which is real on the wall and changes sign at each slot edge
so that the square root of the function changes from real to imaginary at

each slot edge. Such a function may be expressed by \/cot % - cot %5

where =z = eiﬁ and 9 1s in general complex. Examination of this func-

]
tion shows that it becomes J;ot % - cot 7? on the tunnel wall, where

eg is the polar angle of a slot edge (see fig. 1). The term under the

radical changes from positive to negative at 6 = 6g so that the func-
tion changes from real to imaginary at the point 6y on the tunnel wall.
If a number of these functions having different 6g's marking the transi-

tion from open to closed sections of the tunnel wall are multiplied
together, it may be seen that the product will change sign at each value
of 6y so that the function will be real on alternate sections. This

use of cot % also suggests the use of other complex trigonometric func-

tions such as cos 9, sin 3, and tan %. The sine and cosine terms will,
on examination, be found to introduce two slot edges for each value of Og,
rather than one. These two slot edges will be found to be located symmet, -
rically with respect to the x-axis for the cosine term and to the y-axis
for the sine term. Thus, the use of these functions is suggested for

symmetrical slot configurations.

Since any of these functions may introduce singularities within the
tunnel, it is necessary to examine them for such singularities. The four
functions may be written as the following multiple products,

q
11 Jéos 9 - cos fg = Jéos 9 - cos 6y Jéos ¥ ~cos 6y . .. Jéos 9 - cos Bg
g=1

(3)

q
Iﬁ% (sin 3 - sin 6 (4)
e 7
T1 Jcot 3 cot £ (5)
g=1 2 2
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and

4 6
l I vgan 3 _ tan B (6)
.1 2 2

When =z = eiﬂ is substituted for 9, the above equations become,
respectively,

-a/2 /2 T (2

2 1 - 2z 6 (7

zZ g:l 1;7 + cos 6g )
q

2~4/2,-9/2-a/2 II |22 - 1 - 2iz sin og (8)
g:

o2 T 5
(z - 1) q Ji(z +1) - (z - 1l)eot -25 (9)
g=

q

(z + l)-q/zzl"Q/2 IfI VQZ - 1) - 1(z + 1)tan E§ (10)
g=1 C

Examination of the functions (7) to (10) shows that they contain
forbidden singularities at the following values of z: the cosine and
sine terms at 2z = O, the cotangent term at 2z =1, and the tangent
term at z = -1. Several functions which contain singularities identical
to those appearing in functions (7) to (10) and which are real on the
tunnel are

2
%é; (an cos n9 + bp sin ny) (11)
n=

CONF IDENTIAL
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which has a singularity at z = O;

2

nd
2 (ap + 1Bp)cot (2) (12)

vhich has a singularity at z = 1; and

2
2 (ag + mn)tan“(g) (13)

which has a singularity at =z = -1; where ap, apn, by, and B, are

real constants. It may be seen now that by dividing the trigonometric
series by the multiple product which contains the same singularities,
the forbidden singularities will be canceled out of the final equation,
leaving an equation which has only the desired singularities within the
tunnel.

The reason that the multiple product is chosen for the denominator
may be seen by examining the flow about the slot edges. Since the flow
must turn a sharp corner as it goes around the edge of each slot, the
velocity must be infinite at that point. Since the multiple-product
function becomes equal to zero at each slot edge, it must be placed in
the denominator of the final complex velocity function to insure the
required infinite velocitles.

Before writing the final complex velocity function, it is observed
that function (2) has a zero at the point z = O which must also be
removed by either including an extra term in summation (ll) or by
multiplying summation (12) or (13) by a) cos 9 + by sin 9. With this

note in mind, the final camplex velocity functions may be written:

%-rl
pz j{:_ (an cos nd + bn sin nd)
%E - n=0 . (14)
(zz - bz)(l - zzbz) IjI VEos 9 - cos 68
g=

CONFIDENTIAL
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1
pz i (an co8 nd + bp sin nv)
- (15)
(zz - 'bz)(l 2b2) ]__I {sin 3 - sin 6,
g=1
a/2
pz(ay cos 9§ + by sin 9) I_g (an + iﬁn)cot"( )

%" (16)

(zz - bz)( sz) ]_gI (eot = - cot %

g=1 2

and an equation similar to (16), using tan % rather than cot %

In the application of these equations, it masy be observed that each
value of 6g 1introduces two slot edges into each of equations (14)
and (15) and only a single slot edge into equation (16). Since each
panel has two edges, q must be equal to the number of panels m in
equations (14) and (15) and to twice the number of panels, or 2m, in
equation (16). Also, if equation (14) or (15) is applied to tunnels
containing an odd number of slots, it will be found that the singularity
arising from the multiple product will contain a term of the order l/ 2,
which cannot be removed by the summation. In order to remove this singu-
larity, the summation of equation (14) or (15) must be rewritten as

m+l
n%(an cosznglﬁ+‘r>nsin--—2-—2n+l ) (17)

This series will, upon examination, be found to contain a singularity of
the order 1/2, which will cancel the one-half-power term due to the exten-
sion of the multiple product over an odd number of slots.

In order to make the final application of equations (1k4), (15),
or (16) to a wind tunnel, the arbitrary constants of the summations must
be evaluated. This evaluation can be effected by using the remaining
boundary conditions, which are that the potentials in each slot must be
equel to each other and that only a vortex flow can exist about the
singularities within the tunnel.

CONFIDENTIAL



10 CONFIDENTIAL NACA RM L53A26

The potential condition may be evaluated by the following line
integral:

(XZ,yz) V.45 - ( 8
"/(‘xl ¥1) veds = Q(XZ:YZ) ) (p(xl)yl) =0 19)

in which the limits of integration terminate in the slot. One path which
msy be used is the streamline which flows along the panel. When this
streamline is used as the path of integration, equation (18) becomes

On+1
Vag =g, -9 =0 (19)
)

n

as the potential 1s the same over all slots. Since the velocity V will
in general be complex, two equations exist for each panel.

The strengths of the circulation about a pole and of the source at
a pole are fixed by the relation,

I‘+io=§g—w-dz (20)
dz

where I 1s the circulation due to 1lift and ¢ 1s the source strength
and 1s equal to zero. Since equation (20) must be evaluated about each
pole, it gives four equations which may be used to evaluate the constants.

The set of boundary equations (19) and (20) may be considered as
a set of simultaneous equations in the unknown constants found in equa-
tion (14), (15), or (16) and is used to determine the values of these
constants. If these constants are to be uniquely determined, there must
be as many equations as there are constants. An examination of equa-
tions (19) and (20) shows that equation (19) gives 2m equations and
that equation (20) gives four equations, meking a total of 2m + 4
equations which may be used to determine the unknown constants. The
number of constants which must be satisfied is determined fram an exami-
nation of equation (16). It is shown in the paragraph following equa-
tion (16) that q must equal 2m, so that the number of constants must
equal 2m + L4; hence the number of equations and the number of constants
are equal, so that all the constants may be uniquely determined, thus
giving the problem a unique solution.

CONFIDENTIAL
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Derivation of Equations

Slots symmetrically located with respect to the x- and y-axes.-
In the case of symmetry about the x- and y-axes, considerable simplifica-
tion results. The simpler equation (14) may be used in place of equa-
tion (16). 1In equation (14), it may be observed that each value of 6g
in the multiple products can be used to produce four changes of sign,
provided these products are written as

/2
1 Jcoszﬁ - coszeg (21)
g=1
m/2
TT fsins - sin2o, (22)
g=1

These changes of sign are observed at 65, -6g, =n - Gg, and n + eg,
or one in each quadrant. Hence, if the values of 6y are known in one

of the quadrants, the multiple product need be extended only over that
quadrant, as all the other slots will be automatically introduced. If
the slots are evenly spaced and of equal width, function (21) or (22)
can be replaced by

\/cos2

™ B

3 - cos % 6, (23a)

or

Véin? ; J - sin2

That (23a) or (23b) produces slots in the desired location may be seen
by substituting

6 (23b)

™ B

S emm o, o
Yegte=9

on the tunnel wall and

_ éx
hh= "%

where m 1s the number of slots in the tunnel and n 1is any integer.
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Taking this modification into consideration, equation (1k) may be
written with the substitution of z = el as

i 2 2
n n _
pz 2 (a'n 2 ; 1 - 1ib, 2 1)
L n= 2 22 (2h)
dz m/2
(z2 - bz)(l - zzbz)————l;——-I—I V;h - 2z2cos 26 + 1
2m/zzm/z g=1
which may be reduced to
m 94-1 m m
s-1 2 5 - n+l Z -n+l
22 p 2 gnzz (z2n + 1) - 1.‘bnz2 (20 - ﬂ
dw _ n= (25)

dz

m/2
(z2 - bz) (l - zzbz) H /zl‘ - 2z2cos 20 + 1
g=1

wvhere the factor p 1s equal to 1 if slots intersect the x-axis and is
equal to 1 1if panels intersect the x-axis, If the slots are evenly
spaced, and of equal width, the function

/Z?m - 22%cos mo; + 1

mey be substituted for the multiple product in equation (24) or (25).

The constants of equation (25) must be evaluated by using the bound-
ary condition for the equality of the potential 1n each slot, equa-
tion (19), and for the circulation and nonexistence of sources, equa-
tion (20). Equation (20) is evaluated by applying Cauchy's integral

theorem to equation (25) to obtain the required line integral of dw/dz,
or

2.1 z*! 5 -n+l Z_nal
2nip2? a,b? (22 + 1) - 1B b2 (v22 - 1é]
n=
[+ 10 = e (26)
2o(1 - v%) T yb* - 2vcos 20, + 1

CONFIDENTIAL
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In solving equations (26) to (28) for ap and by, it is observed
that for each ant

2

o) "‘/

bF 1 - b) J - 2b%cos 20, + 1 (29)
__1 g-l

nzz

with a corresponding relation between by, and a new constant . With

the substitution of these new constants o, and Bp, equation (25) may
be written

m/2
por(1 - v%) T T\b" - 2p2cos 26, +1  Zelp 1
dw _ g=1 2 "™ 2n
i - CYE) - [;nz z + l) -
a(z2 - v2) (1 - 28b?) 1_[ 4 - 2z2cos 20, +1
2 n+l
1Bz’ (220 - ) (50)
and equations (26), (27), and (28) become, respectively,
% +1 %-n+l E.Z‘i- n+l
-1 (bzn + 1) - 1By (bzn - 1) (31a)
P L
24—1 m m
(4 - n+l 5 -n+l 2
- % = an(-b)z E—b)an + l] - iBn(-b)a E-b) no ;_} (3lb)
n=0
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m
-2-+1
E:: (on cos né - ipp sin n6)de

n=0
0= 31lc
e (31c)
(l - 2b%cos 26 + bh> ]ji[ “Losze - coszeg
panel g=1

where an and fp are the new constants.

It can be seen by examining equations (3i) that a number of the
an's and Bp's are equal to zero. This is shown by first considering

the nature of the simultaneous equations (31). The equating of the real
and imaginary parts divides the entire set into two separate sets of
simultaneous equations, one of which involves an's only and the other
Bp's only. When p 1is chosen, one of the sets will be homogeneous
whereas the other set will contain two equations with constant terms
equal to -1. Thus, one set of constants becomes equal to zero whereas
the other set will have values which may be different from zero. This
remaining set of equations can be reduced by considering the values of
the integrals across any one of the panels and its counterpart which is
symmetrically located with respect to the y-axis. It can be shown by
substituting n - ¢ for 6 1in these integrals that they will have the
same absolute values and the same sign if n 1s even but opposite signs
if n 1s odd. The same feature is also observed in comparing equa-

tions (3la) and (31b); that is, if % -n+1 is odd, then the terms

vhich contain b to that power will have opposite signs whereas the
remaining terms will have the same signs. It can now be seen that, by
adding or subtracting equations (3la) and (31b) and the equations for
the integrals across each of the symmetrically located panels, it is
possible to reduce the set of equations in ap (or in Pn) to two new
sets, one of which contains the odd values of n and the other the even
values of n. Again one of these sets is homogcneous, and one equation
of the other set has a constant term equal to -1 so that all the constants
associated with either the odd values of n or the even values of n
will be equal to zero and the other set will have values which can be
different from zero.

This analysis shows that one of four sets of constants apg, 0ng,1»
B2s, and Bpg,7 can occur, thus suggesting four different symmetrical

slot configurations. The possible symmetrical configurations which can
occur are (I) panels intersecting both axes, (II) slots intersecting both
axes, (III) a panel intersecting the x-axis and a slot intersecting the
y-axis, and (IV) a slo* intersecting the x-axis and a panel intersecting
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the y-axis. These conditions are found to occur when the tunnel has

ks slots with p equal to 1 (case I) or 1 (case II) or 2(28 + 1)
slots with p equal to 1 (case III) or 1 (case IV). Since there are
four sets of constants and four different symmetrical slot configura-
tions, it is to be expected that each set of constants can be associlated
with one of the symmetrical slot configurations. When equations (31)
are set up for each of the symmetrical slot configurations, it is found
that the following associations exist.

Case I, panels intersecting both axes: the %U2+1) set has values
different from zero.

Case II, slots intersecting both axes: the B(2s5+1) set has values
different from zero.

Case III, panel intersecting the x-axis and slot intersecting the
y-axis: the Qg set has values different from zero.

Case IV, slot intersecting the x-axis and panel intersecting the
y-axis: the BZS set has values different from zero.

It is now possible to write equations (30) and (31) by using only
the constants which may have values other than zero. However, equa-
tions (30) and (31) can be written in a more symmetrical form if the
solution is carried a step further. The equations for the set of con-
stants that are used for a given configuration may be written, using
the set a5 ,, as an example,

-l=o9Y0 * Y03 * - - ¢ %95,170,2841
0 =ay73) +ay7p3 + « « -« Apgy171,2841 L

(32)
O =ora1 + %3723 + « -« 9254172 2641

L] . . . ° J

where the 7's are the corresponding functions of 6, and b. Now
consider as a matrix the coefficients of the right-hand side of the
equations whose constant terms are equal to zero, and let A4,, A3,

As, . . . Ye equal to the determinants, respectively, which remain

after the column which corresponds to the number 28 + 1 of the con-
stant Apg,] 18 removed. Then using Cramer'’s rule,
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, -Al B

Mror - Agroz *+ + -+« (-1)%A54170 241

’ (33)
A3

5
Ayvor - Agroz v e e (-1) A254170,25+1

-/

with corresponding equations for the remaining values of Wt

When the solution for each constant equation (33) is substituted
into equation (30), it may be written

m/z
pbr{1 - v* 1—[ Vo - 2v2cos 26, + 1
= - e (34)
dz m/2 3
x(22 - v2) (1 - 2202) TT i - 222cos 20, + 1

g=1

The above equation must be multiplied by one of the following terms, the
choice depending upon the symmetry of the desired slot configuration;
for case I, or panels intersecting both axes,

I m_
ni! (-1)%Ap5,12 * [2(2=1) 1]
§=

T - (352)
ﬁ (+1)%hpg b2 - [p2(251) 4 ]

s=0

for case II, or slots intersecting both axes (note that in this case as
well as in case IV, B has the same relation to B as A has to a
in the demonstrated case),

( 1) BZS+lZ - 28 [2(Zs+l) :I

CONFIDENTIAL




18 CONFIDENTIAL NACA RM LS3A26

for case III, or a panel intersecting the x-axis and a slot intersecting
the y-axis,

m+2

I-E-Zs+l s
(-1)%Apg22 (Z o+ 1)
S=

m+2

F o 2s+l
(-l)s-’\gsbz > (bhs + l)
s=0

and for case IV, a slot intercecting the x-axis and a panel intersecting
the y-axis,

(:5¢)

m+2
i ;—_L_ (_1)51323.-7,—-Zml(zf+b - 1)
migo (.54)
I — -25+1 4
'_L; (-1)°Bygb (b - 1)

The constants Agg41, Bogyys Apg, and Bpg are determined from the

following matrices in the manner discussed in the material follo+~ing
equation (32). The matrix for case I is

N 0 9 n
1 cos ¢ do leos 30.d0 j 1 COS(Z +1)e do
-0; 11(9) -0 F1te -0 £1(0)
1 1 1
fe'j cos 9 do
0, £, (0)
(s5e)
6
-1
cos 0 do 4o
fl O) . . . .
-2--2
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m/2
£,(0) = (1 - 2bPeos 26 + v4) T Veos2o - cos?o,

g=1

The matrix for case ITI is

% s1in 6 do
] fZZe)

where

92 gin 6 a6 | °2 sin 30 46 92 Bm(i; 1)6 46
o, 209 Jo £2(6) BN N 2(0)

Jm/a sin 6 46
£2(0)
m 1 2

(35¢)

m/2
£,(6) = (1 - 2vPcos 20 + v¥) T1 feoseg - cos?e

g=1
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The matrix for case III is -
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9 o 9 m )_—_
fl de 1 cos 20 d6 . Il°°s§?*19
-6, £1(6) 6, H 8)
3 4
Tfl 9) o o
m/2 49
oy  f1(6)
E-l
where
m/2
£,(0) = (l - 2blcos 20 + bl‘) q Vcosze - coszeg
g:

The matrix for case IV is

% sin 20 do

fzze)

sin 20 46

RO . c e

CONF IDENTIAL

62 82
sin 20 d6 sin 46 d6 = |
1 fzze) el fgze) 1

0o sin(% + l)G de

£2(6)

(35g)

(35h)

o A

N Von B LR
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vhere
m/2
f2(8) = (1 - 2bScos 20 + bh) 17 (coszeg - cosg
g=1

Solution for symmetrically loaded wings.- Symmetrically loaded wings
can be assumed to be made up of vortex pairs of circulation -dI" and A4r.
Since the circulation can be expressed as

I = Pof(x) (36)

the strength of each pair becomes

dr = e’ (x)ax (37)

This value of the circulation may be substituted into equation (34) to
give the contribution of each elemental vortex to the total flow. It is

then necessary to integrate the equation over the entire span to obtain
the flow, or

(‘;_‘;’.)n =T, J:: f'(x)(g—‘;’)u ax (38)

where (dw/dz), 1s the complex velocity of the nonuniformly loaded wing,

and (aw/dz), 1s the complex velocity (eq. (34)) of the uniformly loaded
wing with x substituted for b and a circulation of unity.

Corrections for interference due to lift.- The interference complex-
velocity field at the far-downstream position is determined by subtracting

the complex velocity of the free field from the complex velocity of the
constrained field, or

dwy dw ivr

T a2z v (39)

A useful parameter which indicates the effect of slotting a tunnel
is the ratio of the interference of that tunnel to the interference of
a closed tunnel. This parameter, which is the same for the far-downstream
position as at the model and vwhich will be called the quality factor k,
may be expressed mathematically as follows:
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dw ___dbl
dz 2 _ ne
dve 11
+

dz n(z2 - bz)

where dwc/dz 1is the complex velocity of the closed tunnel configuration.

Once the values of k are determined as a function of the semispan b
for a specific tunnel, the interference may be calculated. It is shown
in reference 9 that the interference on the 1lift may be expressed as an
angle which may be added to the measured angle of attack to obtain the
true or free-flight angle of attack. Reference 9 gives the correction
angle in radians as

85CY,

EI = -—C—- ()-#l)

where © 1s a number which is determined from the geometry of the tunnel
configuration and S 1is the wing area, C the tunnel area, and Cp the
1lift coefficient. Also from reference 9, the increment which must be
added to the measured drag to obtain the correct drag 1is

2
SC
ACp = o} -—CL— ()4,2)

In the case of the slotted tunnel, it is convenient to use the quality
factor k and then express the two corrections as

sC
€; = kb .EE (43)
and
2
sC
ACp = kb -7%- (L)

where the number & may be determined from the literature on 1lift inter-
ference of closed tunnels.

Solution and interference quality factors for tunnels with cross
sections other than circular.- The solution of the wall-interference
problem for tunnels having cross sections other than circular may be
obtained by following the method of paragraph 14.6, reference 10. This
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method requires that a function z = £(f{) ©be found which will conformelly
transform the interior of the tunnel cross section in the z-plane into

the interior of the unit circle || = 1 4in the {-plane. It is also
necessary that f'({) does not vanish or become infinite in the unit
circle |¢{] = 1. The complex velocity of the tunnel in the z-plane is
then

u - 1iv =

(45)

Qlﬂ
N fu~

g

In the function dw/d¢ of equation (45), the 6p's which determine
the slot edges of the {-plane are the transformed values of the slot edges
in the z-plane and the values of 1 in the {-plane are also determined
from the transformations of the points b in the z-plane. Once these
values are determined for the transformed tunnel in the {-plane, the
velocity fileld dw/dC in the {-plane may be computed. The velccities
in the z-plane may then be computed by equation (45).

The interference and the quality factor may now be deduced from
equation (45). Subtracting the free field from the complex velocity
given in equation (45) gives for the interference velocity:

dwi dw

dz d¢t

ibl

a¢  _ _ivl
dz n(zz - %)

(46)

The interference for any tunnel can be determined from this equation;
however, in many cases, the use of a quality factor may be more con-
venient. The quality factor for this class of tunnels may be written

dw df , _ 1bT
2 _ 12
kK = g 4 II(Z -b ) (LLY)
dve gt ibT
at 1@ * n(z - be

where dwc/dc represents the complex velocity of the transformation of
the closed tunnel in the (-plane.

A simplification of equation (47) may be made in case the transforma-
tion f£(¢{) may be approximated by c{ for points near the center of the
tunnel. If b 1is sufficiently small, its value in the {(-plane may there-
fore be represented by b = cl, where 1 represents the point which
locates the transformation of the vortex in the (-plane. Substituting
these approximations into equation (47) gives for the quality factor:
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9._! l + icir g.y_ + iir
= dt ¢ x(c2t2 - c212) _ 98 (2 - 12) (48)
Me 1, __teir dwe . __4ir

TR STICTC R TR )

Equation (48) shows that the quality factor near the center of the
original tunnel in the z-plane is approximately equal to the quality
factor of the corresponding circular tunnel in the {-plane. Thus, to
obtain the interference, only the quality factor of the circular tunnel
needs to be computed, provided the interference of the original closed
tunnel is known and the approximation 2z = cl is valid throughout the
region in which the model is located.

Applications of Theory to Various Tunnels

Two slots located symmetrically across the x-axis (fig. 2(a)).-
This class of tunnels has the symmetry of slot location that is treated
under case IV, so that its complex velocity field may be expressed by
the product of equation (34) and expression (35d) where s takes the
values O and 1. Since the integrals across the two panels are identically
zero, the matrix of the integrals has no meaning and hence is not used.
With these considerations the complex velocity may now be written

1br{1 - b*)o* - 2b2cos 207 + 1 By(z¥ - 1
o /o L+ 1 Bp(ak - 1) "

(22 - v?)(1 - 220%) /(z 2z8cos 207 + 1)Ba(bY - 1)

The wall interference is determined by subtracting the complex
velocity for the free field from equation (49), or

dwy ivr (l - zh)\[bh - 2b%cos 20, +1

az (22 - b2) (1 - ZZbZ)th - 2z2cos 20; +1

The quality factor k 1s determined by dividing equation (50) by the
closed-tunnel interference which is

1br Rl - v2)(1 + 22) _ g (51)

-1 (50)

22 - b2| 1 - 222
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or

(l - zl*)}/coh - 2bzcos 261 + 1

(1 - 220%) [z - 22cos 267 + 1

k = (52)
(1 - p2)(2 +22) L
(1 - zzbz)
This function may be written
. (l - zl*)/‘ol‘L - 2b%cos 267 + 1 - (l - zzbz)/;i - 2z%cos 20y + 1 (53)
= 3

(z2 - bz)V;u - 2z2cos 261 + 1

The effects of the slots on the interference along the span of the model
are obtained by substituting x for =z; then,

(1 - xu)/bu - 2b%cos 267 +1 - (1 - xzbz)v;L - 2x2cos 207 +1

k = (Sh)

(xz - b2)¢¥h - 2x%cos 26l + 1
If x and b are sufficiently small so that the approximation

Vxh - 2x%cos 20, + 1 = 1 - xCcos 201 + EE sin226
1 > 1

is valid, then

2 cos 20y - 2x? - (xz + bz)sinzzel

kK = (55)

2 - 2xZcos 26, + x'*sin?26)

The quality factor is seen to be insensitive to values of either x or
b, so that for this tunnel with relatively small models (b = 0.25 or
less) the effect of slotting the tunnel on the 1lift of any model may be
obtained by multiplying the closed-tunnel interference for that model by
the slotted-tunnel quality factor.
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Pistolesi (ref. 7) shows that the interference quality factor for
this tunnel with a vortex doublet in the center is, in the notation of
this paper, cos 26). Equation (55) reduces to the same value when x
and b are set equal to zero.

Two slots located symmetrically across the y-axis (fig. 2(b)).-
This class of tunnels has the symmetry of slot location that is treated
under case III (see eq. (35c)). Thus, its complex-velocity field may be
expressed by the product of equation (34) and expression (35c), so that
it may be written

w ~tor(1 - vY) \/b“ - 2b%cos 267 + 1 EAozz - A1+ zl‘):] -

a2 (22 - v2)(1 - zzbz)‘/;h - 222cos 26y + lEAobz - ag(1 4 bl*_)—J

where Aj &nd A; are determined from the matrix and are

Ao = J{Bl cos 20 46 (57)

61 (l - 2b%cos 20 + bu)VEosze - coszel

réy ae
A2=J
-01 (1 - 2bZcos 20 + bh)VEosze - cosZ261

(58)

If z and b are considered small the complex velocity of this
field may be approximated by

awy pp (Ad® - 2o) + (1 - B*) (Ap - 2802%)cos 20

dz x (Az - 2agb2) (1 - 2202) (59)
from which the quality factor becomes approximately
o (azb® - 289) + (1 - b*) (A - 2802%)cos 26, (60)

Ap - 2AQbe
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and
91
A3 - cos 92(19 (63-b)
(l - 2blcos 20 + bh) ITI V&osze - coszeg

If the tunnel contains eight slots with panels intersecting both
axes,

L
-ibP(l - bh> ITI:Jgh - szcos zeg + 1

dw g=1

— X

n(zz bz)(l - zzb2 IﬁI V—n - 2z2cos 29g + 1

g=1

Alzh’(z2 + l) - A3zz(z6 + l) + A5(zl° + l)

(64)
apt(p? + 1) - Ap2(66 + 1) + ag(p30 + 1)

vhere Aj, A3, and Ag are equal to the determinants remsining when

the first, second, and third columns, respectively, are removed from the
following matrix:

91 cos 6 d6 1 cos 36 ds 61 cos 56 de-—
£(8) “f(8) -y £(6)
(65a)
u[93 cos 6 do \[63 cos 36 d@ J~93 cos 56 d@
| Jo, £(6) o, £(6) o, £(8) B
vhere
I

£(6) = (l - 2b2cos 20 + bu) IﬁI Jéosze - coszeg (651)

g=1
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If the tunnel contains 12 slots with panels intersecting both axes,

6
1601 - o¥) L [ fo* - 2vfcos 264 + 1

.d_w = g=l X

6
n:(z2 - bz) (l - zzbz) I—_]: le‘ - 2z%cos 26g + 1
g=1

Alz6(z2 + l) - A3zh(z6 + l) + Aszz(zlo + l) - .t\,Y(zll‘L + l)

appP(b? + 1) - agp*(® + 1) + AgpZ(p10 + 1) - ag(pt¥ + 1)

where A, A3, As, and A7 are equal to the determinants remaining

when the first, second, third, or fourth columns, respectively, are
removed from the following matrix:

[ 191 cos 6 a5 91 cos 36 a8 [91 cos 50 4o fel cos 70 de

-6 £(0) -6, £(0) J-e, £(0) o £(9)
j93 cos 6 do 3 cos 36 de 63 cos 56 do 63 cos 76 de (6
6 £{0) o,  £(6) 6, “£(e) 82 £(0) 7e)

fes cos 6 d6 fes cos 36 d6 f95 cos 56 do 65 cos 76 de
£(e £(6 ) £(6) 6 £(6)
Jou, ) o), ) L 4

—

where

6

£() = (1 - 2b%cos 20 + bb') I_I ygosze - coszeg (671b)
g=1

If the slots are of equal width and evenly spaced, equations (62), (64),
and (66) can be simplified by substituting the terms

Jl - 2zfcos 20) + z4m
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where Ag, Ap, and A eare evaluated from the following matrix by
the same methods used in equation (64):

%1 4o 91 cos 26 de 61 cos 4o do
-6, £(8) Joo, £ o, £O)
s I s (69a)
=46 =+0 = +0
3771 4 3771 cos 20 a0 377 cos ko a6
. £(6) . £(s) ,t HO)
E! Y3-6, Y3t
where
£(e) = (l - 2bfcos 20 + bl‘) «cosz39 - c052361 (69v)

For case IV, slots on the x-axis,

dw -ibl" \v/bl2 - 2bdcos 661 + 1[ ( - Bh( 8 . lﬂ

dz
n(zz - ba) (l - zz‘bz)\jzl2 - 225¢c0s 661 + l[zbz bt - l - Bh(bS - l)]
(70)
where
Z.9
B) = f3 ! sin 26 46 (713)
91 (l - 2b2cos 20 + thcosz3el - cosz36
and
n
2.0
61 (l - 2b%cos 26 + b"‘)\/cosz36]_ - cos®39
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The interferences are determined as in the previous sections.

Equations (68) and (70) may be extended to 10, 1%, . . . kn + 2
slots in the same manner that equation (62) was extended to include 8
and 12 slots.

Single slot located symmetrically across the x-axis.- Since this
tunnel contains an odd number of slots, summation (17) rather than (11)
must be used in equation (1L4), which, when expressed for a single slot,
becomes

1
zZ ay, cos 2n2+l 6+bnsin2n2+lﬂ>
a- = (72)
“ (22 - ve)(1 - zzbz)Vcos 9 - cos 6y

Equation (72) may be rewritten, with several modifications after sub-
stituting 2z = eiﬁ, as

aw aoz(l + z) + al(l + zz) + 1[552(1 -z) + bl(l - zz}]

aw _ (73)
dz VE'(ZZ - b2)(1 - szZ)Jl - 2z cos 6 + 28

The constants in this case must be evaluated from the circulation about
the poles at b and -b and the nonexistence of sources at those points,
as the potential condition 1s automatically satisfied because the poten-
tial is constant across a single slot. The circulation and nonexistence
of sources may be expressed about the pole b as

2x1dagb(1 + b) 1 +12) + 1[ogb(1 = b) + by (1 - b?)
et en a0 )
V2 20(1 - ™)L - 2b cos 6; + b2

and about the pole -b as

Zni{ao(-b)(l -b) +a(1 + b?) + 1@0(-10)(1 +b) + b1 - b3ﬂ}

I' + 10 =
V2(-20)(1 - v¥) {1 + 2b cos 6, + b2

(Tkb)

If there are to be no sources at the poles, ¢ must equal zero. It

may be seen from inspection that ap and a; are equal to zero and that
bo and b} have solutions other than zero. When these solutions for
b0 and b are substituted into equation (73), it becomes
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Equation (77) may be considerably reduced by using the following
approximations, in which 2z 1is assumed to be small with respect to 1:

sin<g
ll-chosel+zz=l_ZCosgl+z2 21. (78)
in2g
Jl + 2z cos 0] + zz =1 + 2 cos 6y + ZZ 5 . 1 (79)

with similar equations for the radicals containing b. After multiplica-
tion and collection of terms, equation (77) reduces with the above
approximations to

2 2
sin“g b sin®o
cosel- 21-2E+b2(l-__2__l.>]

o sinzel

k = (80)

1l - 2z cos 81 + z

If terms of the order z2 and higher are eliminated, equation (80) may
be approximated with

k = - % {} - 2 cos 67 - coszel + z[%ﬁz + (2 - cos Gl)sinzeij} (81)

Equation (81) shows that the interference of this tunnel has an odd
function component along the x-axis which will produce a variation in
the effective angle of attack that will cause the model to have s
rolling moment. Since extension of flow fields of this type (an odd
number of slots symmetrically located with respect to the x-axis) to
greater numbers of slots will not eliminate the odd powers of 1z, the
rolling moments will continue to exist, It is therefore to be concluded
that tunnels conteining an odd number of slots symmetrically located
with respect to the x-axis introduce an extraneous moment into the data.

Single slot located symmetrically across the y-axis.- Since this
tunnel also contains an odd number of slots, summation (17) must be used
to insure the proper slot symmetry. With this choice of functions,
equation (15) may be written,

9 39 3 39

aw 84 COS 3 + &) CO8 = + bo sin 5 + b} sin =

A2 (,2 . 12)(1 - 22b2) /sin 9 - sin 61 :
82)
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Since z = eld ; the complex velocity may be rewritten after sub-
stitution and combining various terms as

v (1 + i)[éoz(l +2) + al(l + z3> + boiz(l -2) + bli(l - z{ﬂ

(83)

dz 2(22 - v2)(1 - 2202)|1 - 212 sin 6, - 22

The constants a5, a3, bp, and b; must now be evaluated from

the circulation about each of the poles and the condition of continuity.
The two conditions about each pole may be expressed as

2ri(l + 1) aob(l +Db) + al(l + b3) + bolb(l - b) + bli(l - b?ﬂ
'+ 1o =

wo(1 - B*)1 - 21b stn 6 - b2
(Bka)

about the pole b and

-+ 10 =

“4o(1 - b2)J1 + 21b sin 6y - b2
( { 1 (610)

about the pole -b. The strength o must equal zero in order to satisfy
the condition of nonexistence of sources. In order to simplify the
rationalization of equation (84), the following substitutions are made:

C+1D = {1 - b2 + 21b sin 6; A
and
C - 1D = {1 - b“ - 21b sin 6
Also let
A) = agb(l +b) + al(l + b3)
Ay = ~agb(1l - b) + al(l - b3) } (85)
B, = bgb(L - b) + by(L - b3)
B, = -bob(1 + b) + (1 + b3)
and
o 201 - By - mPeos 20y + b

x </
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The four simultaneous equations (84) may now be written, after ration-
alizing the denominator,

A = R.P.(1 - 1)(C + 11))(A.l + 131) )
0 = I.P.(1 - 1)(C + 1D)(A; + 1B))
> (86)
A= R.P.(1 - 1)(C - 1D)(A + 1Bp)
0 = I.P.(1 - 1)(C - 1D)(Az + 1B,)
-
which may be restated as
~
A = Aj(C + D) + By(C - D)
0 = -A1(C - D) + By(C + D) \
' (81)
A = A2(C - D) + B2(C + D)
0 = -A(C + D) + Bo(C - D) -

If A) and B) are determined from the first two end Ap; and Bp
from the last two, it may be seen that

~

= A) = agb(l +1b) + al(l + b3)

-agb(1 - b) + ar(1 - b3)

N
—
Q
(aV]
+
lw)
n
n
>
n
]

r (88)

bob(L - b) + bl(l - 13)

n
Q
[aY)
+
(=)
S |
o
]

bgb(L + 1) + by(1 + b3)
[,

N
—
Q
n
+
o
n
n
aV]
[}
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L, These equations may be solved for agy, a3, by, and by, giving
P _._A (o« p)(1 - 13) - (c - D)(1 + b3)
; 0" 2, p2 k(1 - %)

A (c +D)b(1 - 1) + (C - D)b(1 + b)

8.1=
c2 4 p? kp(1 - o)
r (89)
ba o o A (C+ p){1 - v3) - (c - p){1 +Ag§l - .
0~ "2 2 n %0
c +D w(1 - b*)
by = A (c +D)b(L - b) + (C-D)b(1 +b) _ o
1= 53 " =8
C% + D w(1 - vt 3
The set of equations (89) may be simplified to
3) )
2A(D - Cb
a9 = -bg = (D
u(c2 + p2)b(1 - vh)
> (%0)
0 = b. = 2Ab(C - Db)
L (e + 02)u(1 - vY)
-~/

Letting ap = -bg and a; = b, the complex velocity equation (83) may
be rewritten

v _ 2[&(&0 + alzz) + 1(a0z2 + aiﬁ

-&—z-—

(91)

2(22 - v8)(1 - 2202)|1 - 21z sin gy - 22
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Substituting for ag and a; gives

ZA{zE) - b3 + b(C - Db)zZ + 1[b(c - DB) + (D - Cb3)z§]}

gl = (92)
2 h(Cz + Dz)b(l - bl*)(z2 - bz) (l - zzbzwl - 2iz sin 6y - 22
Now it may be shown that
A= - %L(l - b“’)(c2 + Dz) (93)

so that
W T z[(_D - cv3) + v(C - Db)z2] + 1E(c - ob) + (D - Cb3)zﬂ o
dz § (zz - bz)(l - zzbz)lir— 2iz sin 6] - 22
vhere

C +1D = {1 - b® + 24b sin 6y

The interference velocity 1s obtained by subtracting -ibl"/ n(zz - bz) ’
so that

~ (b(Cc - Db) + (D - Cb3)22
dwy  gpr 1zE) - Cb3 + b(C - Db)zzj at (95)
dz x(22 - v2) b(1 - 2262)\1 - 21z sin 6y - 22

L J

Now divide by the closed-tumnel interference to obtain the quality factor,
so that

b(C - Db) + (D - b3)22 - 12D - b3 + b(C -~ Db)2Z] -
-ibr b(1 - z%8)|1 - 21z sin 6y - 28

K n(zz - bz) b(l - zzbz)\h - 21z sin 64 - z2

- | - w3)(1 +22)
x(z2 - v2)| 1 - 222
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or

(1 - 22b2)\1 - 21z sin 6 - 22

b(C - Db) + (D - cb3)22 - iz[ - Co3 + b(C - Db)zzj}
' (97)

b(22 - ©2)1 - 21z sin 6, - 22

The interference quality factor at the center of the tunnel may be
examined by letting =z = O; then

e (98)

From the evaluation of the constants, equation (94),

C = \{/l - ZbZcos 20 + v cos ¥ (99)
D = Qfl - 2b2cos 26, + bh sin v (100)
when
2b sin 6
y =Ltanl — 1 (101)
2 1 - bZ

When b is small, equation (98) may be simplified by first approxi-
mating C and D. These approximations are, for small values of b,

2

C=1- t—’2-(005 201 + sinzel) (102)
D =b sin 6; (103)

When the values for C and D given in equations (102) and (103) are
substituted into equation (98), it becomes

coszal
k = sin 91 +

(104)
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This equation also checks with the results given in reference 7,
with the usual change in sign to conform with the notation of this paper.

Lift interference of rectangular tunnels.- The function which
transforms a rectangular tunnel into a circular tunnel is given in
paragraph 14.8, reference 10, as

sn Az dn Az
(= —=2 2
cn AZ
2

(105)

AZ
'E')
and )/2 is defined by

Az

Az and cn = are Jacobian elliptic functions of =z

vhere sn > dn

(106)

L
e

o |
n
P

vhere K and 1K' are the quarter periods and a and h are the
breadth and height of the tunnel. (See pars. 14.7 and 14.8 of ref. 10
for further information concerning these functions.)

If a and h are given, then K, K', and m, the squared modulus
(see ref. 10, par. 14.8), are uniquely determined. Once the constants K,
K', and m are determined, the slot location and the half-span length 1
may be computed. First, consider slots which are located on the top and
bottom of the tumnel (see fig. 1b). In reference 10, paragraph 14.8, it

is shown that the top of the tunnel may be expressed by z = x + %? or

M = Ax + 1K', It is also shown that the transformation (105) may also
be expressed

(2 -L-cnhz

= 107
l +cn )2 ( )

so that the equation for the top of the tunnel becomes, in the { plane,

(2 = 1 - en(dx + 1K') (108)
1 + en(xx + 1K')

From reference 10, paragraph 14.8, cn(Mx + iK') 1s equal to - l/de 1x,
vhich may be called iu. Now, on the circle,
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2 2ig _ 1 - 1u
= 216 _ 10
¢ 1+ i ( 9)

and if the real and imaginary portions are separated,

1 - ,2 _m- (ds ax)2

cos 20 = (110)
2 2
1 +q m + (ds Ax)
or
sin 26 = - —Bi_ - L - (111)
1 + v Vm 1+

The 6,'s of the circular tunnel in the { plane are determined from
the above equations by the locations of the slot edges xp in the z-plane.

If the slots are on the side of the tunnel, a similar analysis

starting with z = % + 1y or Az =K + iAy will show that

2ym sd 1
sin 29y = ! N (112)

1 + m(sd i)‘y)z

As before, equation (112) may be used to determine the 6n's when the
slot edges are functions of y.

The value of 1 1s glven in reference 10 as

1l -cn Ab

1 =
1l +cn )b

(113)

Knowing ! and the 6p's, the complex velocity of the tunnel in the
plane may now be computed, and the interference determined from
equation (L6).

The calculation of the interference for rectangular tunnels may be
simplified by applying the conclusion following equation (48), which
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states that the quality factor of the transformed tunnel is approximately
equal to the quality factor of the original tunnel, provided the trans-
formation function can be approximated with z = c{. Equation (105) is
shown in reference 10, paragraph 14.8, to be approximately equal to

{ = x2/2; hence the conclusion following equation (48) is valid for
rectangular tunnels. Thus, it is necessary only to determine the quality
factor for the transformed tunnel and applying it to the correction for
the fully closed rectangular tunnel (see ref. 10, par. 14.8, for this
correction) to obtain the correction for the corresponding slotted rectan-
gular tunnel.

Circular tunnels having general slot configurations.- Equation (16)
is used to obtain the complex velocity for a configuration which contains
a general slot distribution. Equation (16) may be written

m

pz(al cos 9 + by sin 3) Z (an + 1Pn) cot? 2 5
L s (114)

4 (z2 - bz)(l - z2b2 cot = - cot %5

O

Q_

where p has the same definition as given for equation (25). If =z is
substituted for ¢ by using the relation z = eia, equation (114) becomes

1+z2 l-z2 . z + 1
pz {8y + 1iby § (“n*iBn)( >
22 z -1
dw _ n=

&v - (115)
dz am
0
(zz - b2)< 2b2) H\ﬁ - cot £
g=l Z - l 2
Equation (115) may be reduced to
m
pEl(l +28) + 1by (1 - zzﬂ (an + 1pn)(z - 1)"(z + 1)M4°
dv _ n
dz 2m 5
2\22 - bz)(l - zzbz) H \ﬁ.(z +1) - (z - 1l)cot 1;—
g=1
(116)
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The constents aj; by; agy @1, « . . ap; end fBo, By, - - - Bp
are determined from the solution of the set of simultaneous equations (117).
Once the constants are determined, the complex velocity may be determined,
and the interference may then be computed in the same manner as was used
for the various symmetrical cases.

RESULTS AND DISCUSSION

Interference quality factors for several circular tunnels with
symmetrically located, evenly spaced slots.- The quality factors for
circular tunnels containing various symmetrically located, evenly spaced
slots of equal length and wings of very small span (b = 0) are given in
figure 3. The curves for tunnels that have panels across the x-axis and
contain 4, 8, or 12 slots are calculated from the formula

791 COSQ% + %)O do
J V(cos2 0y . cos? mby
k = - 20 2 2 (118)
) \
1 ofmo
co.;(2 1/9 de
> mg
/;osz n g - cosa T_L
0 2 2

where 6 1s defined in figure 1 and m 1is the number of slots. Equa-
tion (118) may be derived by considering the value of equation (34),
expressed for symmetrically located, evenly spaced slots of equal width,
when b and 2z are equal to zero. It 1s also the negative of the
relation given in reference 7 for the same tunnel configurations, the
minus sign being used to conform with the notation of this paper.

An analysis of figure 3 shows that, for all configurations except
the one with two slots across the x-axis, only a small percentage of the
tunnel wall must be opened in order to obtain no interference at the
center of a smsall model, and that the amount of opening required rapidly
becomes smaller when the number of slots 1s increased. It is also noted
that the change in quality factor 1s very rapid at the null-interference
condition, thus making an accurate ecstimate of the interference difficult.

The importance of slot location in determining the quality factor
is indicated by the large divergence of the two curves for tunnels con-
taining two slots. It can be shown, though, by comparing the quality-
factor functions for the conditions of slots across the x- and y-axes

CONFIDENTIAL




Sl

S

NACA RM L53A26 CONFIDENTIAL 45

and panels across the x- and y-axes, that as the number of slots increases,
the quality factors will approach each other. Since the quality factors
approach each other, 1t may be expected that the quality-factor curves

for tunnels containing 8 or 12 evenly spaced slots of equal length will

be approximately correct for any slot location. Thus, the quality factor
should be spproximately correct even though the model 1is rolled in the
tunnel.

Variation of quality factor with span of model.- The effect of model
span on the quality factor k at the center of several slotted tunnels
is shown in figure 4. Examination of the curves shows that the quality
factor 1s fairly constant over an appreciable range of spans, in that
it does not vary more than 10 percent for spans of 0.5 to 0.6 of the
tunnel diameter or width. The quality factor for the tunnel containing
two slots is seen to vary more, in that the quality factor changes 0.10
for a change in the span from zero to 0.46 of the tunnel diameter. The
qual'ty factor of the single slot, however, is seen to remain fairly
constant regardless of span.

The spanwlse variations of the quality factor for a model with a
span of 0.75 of the tunnel diameter is shown 1in figure 5. This figure
shows that the quality factor for the tunnels containing 8 or 12 slots
is about 0.3 larger at the tips than it is at the center, whereas for
the tunnel containing two slots it decreases about 0.6. These changes
indicate that the spanwise change in k may depend upon the boundary
condition at the intersection of the wall and x-axis; that is, if s
panel intersects the x-axis, k will become larger, and if a slot inter-
sects the x-axis, k will become smaller. Such a tendency would be
difficult to prove, however, so that an analysis of the variation in k
for any particular tunnel would require a computation of k along the
span for that model. These variations in k also indicate that the
1ift corrections for a model with a span as great as 0.75 of the tunnel
diameter can be roughly approximated by using the value of k at the
center of the tunnel; however, a more accurate correction would involve
the use of an average value for k as well as an average of the load
over the span.

A r€sume” of the observations made from figures 4 and 5 indicates
that, for these specific slot configurations at least, the quality
factors for tunnels containing 8 or 12 slots, provided they are symmet-
rically located, equally spaced, and of equal length, are more nearly
constant throughout a greater portion of the central region of the tunnel
than are the quality factors in tunnels contalning two slots. The fact
that the quality factor is moderately constant even at spans of 0.75
permits making the correction for 1ift interference by computing the
interference of the closed tunnel having the same cross section, and
then multiplying that interference by the quality factor for the center
of the slotted tunnel.

CONFIDENTIAL

e —

=




46 CONFIDENTIAL NACA RM L53A26

Quality factors in tunnels contailning a single slot.- The variation
of the quality factor with percent opening in a tunnel containing a
single slot symmetrically located with respect to the x-axis is shown
in equation (80) and in figure 6 to be scmewhat different from those
previously studied in that k 1is greater on the half-span of the wing
which points toward the panel and is smaller on the side which points
toward the slot. This variation of k means that a spanwise variation
in angle of attack exists which would cause the model to roll. Thus, a
tunnel of this type, that is, a single slot symmetrically located with
respect to the x-axis, has interferences which are more difficult to
correct for because of the introduction of an unnecessary rolling moment
into the measured data.

This rolling moment does not exist, however, if the slot is symmet-
rically located with respect to the y-axis. It is shown in equation (97),
though, that the induced velocities will not be normal to the span but
will have a small component along the span. Such a component should not
affect the total forces seriously, since it would not affect the total
induced velocity. However, the effects of this component should perhaps
be considered in the treatment of load distributions along the span.

Thus, the pecularities of the interference effects of tunnels containing
a8 single slot symmetrically located with respect to elther axis indicate
that its effects will be more difficult to correct.

If the equations for the single-slot case are extended to a larger
odd number of evenly spaced, equal-width slots, it may be expected that
both the rolling moment and the cross flows will become smaller because
the walls create a more uniform interference field at the model.

Effects of compressibility on the corrections.- It is shown in
reference 11 that the lift due to compressible flow can be corrected
in exactly the same manner as though the flow were incompressible. Thus,
neither the k nor the 5 of equations (43) and (L4L4) is a function of
compressibility. Since the arguments used in reference 11 are based on
subsonic linearized compressible flow, it may be expected that correc-
tions can be made for Mach numbers up to the critical or slightly higher.

Applicability of the theory.- Several of the differences between
the idealized and the actual problem are those due to viscosity, which
causes a mixing region in the neighborhood of the slot rather than the
assumed constant pressure surface which divides the high-velocity tunnel
air and the stagnant tank air. Since the mixing region involves various
complicated phenomena such as turbulence, velocity gradients, separation
at the outer slot edges, and differences in boundary conditions in dif-
ferent slots depending upon the direction of flow through the slots, it
is very likely that its effects on the 1ift interference will have to be
determined from analysis of experimental data (for example, ref. 12).
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Another effect of viscosity which becomes important if the slots
are narrow and deep is the friction on the air as it flows through the
slots. Since the friction reduces the amount of flow through the slots,
they will effectively become narrower, so that the quality factor may
be expected to become larger.

The possibility also exists that, in an actual tunnel, the pressures
may not be equal in all the slots and the slot pressures may not be equal
to the pressure in the tank. It would be expected that if the difference
between the pressure in the slot and that in the tank causes more flow
through the slot than occurs in the ideal tunnel, the slot will effec-
tively be wider, and if the difference decreases the flow, the slot will
effectively be narrower. Thus, the actuasl quality factor will depend
upon the effective slot widths as determined by the pressure increments.

Other differences occur because a practical tunnel cannot be con-
structed like the ideal tunnel. These differences involve finite slot
lengths, variable-width slots, and lips on the slot edges. In con-
sldering the effects of finite slot lengths, it seems reasonable to assume
that those effects should be no more serious than the effects of a finite-
length open tunnel. In reference 13, it is shown that the theoretical
1ift corrections for an infinitely long open tunnel are adequate, pro-
vided the model is located a distance of at least one-half the tunnel
height from the entrance and exit regions. Therefore, if the slot con-
figuration is such that the width is constant over a section whose length
is at least equal to tunnel height, the theoretical corrections should
be adequate even though the slot width may vary considerably outside that
region. The effect of lips on the slots may be shown qualitatively by
comparing the pressure gradients of the two types of slot configurations,
that is, with and without lips. Since the lips confine the flow, the
pressure gradient in that configuration is less steep through the slot
than if there were no lips. Therefore, the velocity may be expected to
be lower, so that the effective width of the slots will be reduced,
thereby increasing the quality factor.

CONCLUDING REMARKS

An analysis of the equations which represent the interference on
the trailing-vortex system of a uniformly loaded wing, due to wind-
tunnel walls with mixed open and closed boundaries, has shown that:

1. Slot openings of the order of 7 percent for four evenly spaced
slots of equal length, and less for larger numbers of slots, are required
to reduce the interference on a lifting model to zero. The zero-
interference quality factor 1s critical with respect to the percent of
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slot opening as a small change in slot opening will cause an appreciable
change in the quality factor when its value is near zero.

2. The tunnels which contain two symmetrically located slots showed
quite different values of the interference for different slot locations.
The differences in interference became smaller as the number of slots
increased.

3. In the tunnels examined, a region existed about the center of
the tunnel in which the ratio of the slotted-tunnel interference to the
closed-tunnel interference was fairly constant, sc that in order to
obtain the corrections for the effects of a slotted tunnel it is neces-
sary only to multiply the closed-tunnel interference by a constant.

4. The region in which the ratio of the slotted-tunnel interference
to the closed-tunnel interference is reasonably uniform was found to be
larger for the tunnels containing 8 or 12 slots than for those containing
2 slots.

5, An examination of tunnels containing a single slot showed that
they produced a rolling moment or a cross flow on the model. These
phenomena may be expected for tunnels containing a larger odd number of
evenly spaced, equal-width slots. These phenomena should, however,
decrease as the number of slots increases. These phenomena may also be
expected for any case in which the slots are asymmetrically arranged
with respect to the model axes.

6. An analysis of the effects of compressibility on the ratio of the
interference of a slotted tunnel to the interference of a closed tunnel
shows that the ratio is relatively unaffected by compressibility through-
out the subsonic region.

Langley Aeronautical Laboratory,
National Advisory Committee fcr Aeronautics,
Langley Field, Va.
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Figure 1.~ The coordinate system used for the investigation of the 1lift
interference due to slotted tunnels.
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Figure 3.- Quality factors for small-span wings (b = 0) in circular
tunnels containing various numbers of evenly spaced slots of
equal length.
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Figure L4.- Variation of the quality factor at the center of the model
with the span of the model.
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Figure 5.- Variation of the quality factor along the span in several
tunnels containing equally spaced, symmetrically located slots of
equal length. Span of model is 0.75 of tunnel diameter.
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Figure 6.- Quality factors for a tunnel containing a single slot and a
model whose span equals one-half the tunnel diameter.
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